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Method of Evaluation and Reduction of
Vapor-Liquid Equilibrium Data

of Binary Mixtures

A new method to reduce vapor-liquid equilibrium data of binary mix-
tures and to evaluate a thermodynamic model is presented. It is based on
the principle of maximum likelihood. Deviations between all measured and
predicted quantities are calculated and confidence limits in model param-
eters are evaluated from the given estimates of experimental errors. Many

examples illustrate the practical applications of the method.
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SCOPE

The purpose of this work is to introduce new concepts
in the mathematical treatment of experimental data of
vapor-liquid equilibria of binary mixtures. There has been
a great emphasis in the literature on consistency tests and
comparison of thermodynamic models for the representa-
tion of these data. In view of the application of vapor-
liquid equilibria to the design of industrial distillations,
molecular theories do not provide a predictive method
which could be tested only with a few data. One should
instead rely on semi-empirical models with adjustable
parameters. From classical thermodynamics, we know that
such model can be formulated as an expression of the
excess Gibbs energy as a function of composition and tem-
perature. Unknown parameters in this function are ad-

justed upon experimental data. Usual methods of reduc-
tion of data yield the optimal values of the parameters
only. But much more can be obtained from a careful appli-
cation to the physical problem of the methods of applied
statistics. In this perspective, one should consider as result
of experimental measurement not only the value of a vari-
able but also the standard deviation which can be esti-
mated from reproducibility tests. Besides the optimal val-
ues of the parameters, the present mathematical treatment
gives many other results, from which one can draw con-
clusions about both the validity of data and suitability of
the excess Gibbs energy equation. The results are also
useful in planning experiments for a specific utilization.

CONCLUSIONS AND SIGNIFICANCE

In this paper, a new method of treatment of experi-
mental vapor-liquid data of binary mixtures is presented.
It is based on the principle of maximum likelihood. A
gaussian distribution of random error is assumed for all
experimental measurements and an estimate of its vari-
ance is used as input to the calculation. The results of the
treatment are:

1. Values of the parameters in a given expression for

Correspondence concerning this paper should be addressed to H. Renon.
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excess Gibbs energy, for instance, those of Van Laar or the
NRTL model.

2. Estimate of the error in the values of the parameters.

3. Individual deviation between calculated and experi-
mental value of each measured variables.

It is shown that this method of treatment of data is
advantageous to check the validity of experimental mea-
surement, compare models for vapor-liquid equilibria,
evaluate their flexibility, verify the independence of
parameters, and assess the necessary experimental informa-
tion for the prediction of vapor-liquid data in an industrial
problem of separation,
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Vapor-liquid equilibrium data are very numerous
(Wichterle et al., 1973) in the literature but not of equiv-
alent merit, and their value is difficult to assess by the user.

Evaluation of experimental data has been made tradi-
tionally by tests of consistency. However, recent papers
have questioned the former use of the area test; Van Ness
et al. (1973) recommend concentration of efforts in im-
proving measurements rather than obtaining redundant
data for such tests; Samuels et al. (1972) and Ulrichson
and Stevenson (1972) redirect the attention towards the
effect of random errors, incorporating the experimental
evaluation of these errors into the use of a test.

The problem of data reduction can be solved simultane-
ously with data evaluation. Data reduction is a transforma-
tion of the information given by individual experimental
measurements into a condensed form suitable for further
use in phase equilibrium calculations. This paper proposes
a method of conducting simultaneously the evaluation of
complete binary vapor-liquid data when the composition
of vapor and liquid are measured, along with pressure and
temperature, and their reduction by a thermodynamic
model. A thermodynamic model is an expression of the ex-
cess Gibbs energy gZ(x;, T, C).

The NRTL model described by Renon and Prausnitz
(1968) has been chosen for the semi-empirical expression
of the excess Gibbs energy:

Tg1 €XpP (— @12 T21)

%1 + xp exp(—aiz 721)

gE = RT X1Xg [

712 exp(— ayp T12)

X2 + %1 exp (—az 712)

| o

where
Cix 1
Tie = # = (e — €ij) (2)

This equation contains three adjustable parameters (Cs1,
Cio, a12). Activity coefficients are derived from Equation
(1) by classical differentiation (Prausnitz, 1969). The
method of reduction is not restricted to this particular
model.

PRINCIPLE OF MAXIMUM LIKELIHOOD

The values of the parameters of the model are chosen to
minimize the deviations between activity coefficients cal-
culated from experimental data by the following equation:

o Y1 P _
,yle p._m l—1,2 (3)

and their values derived from the model y,c2td(x,, T, C).
The vapor phase fugacity coefficients can generally be pre-
dicted for low pressure data considered here (O’Connel
and Prausnitz, 1967; Nothnagel et al., 1973; Tsonopoulos,
1974).

Very often the least square technique is used, which
minimizes a weighted sum of squared residuals, The re-
sidual ry; is defined by the following relation:

1 = yu®™® (%1, Y, Pi Ti) — v (23, T4, C) 1=1,2

(4)

where subscript i refers to experiment i and C to the pa-
rameters of the model in vector notation. The weighting
factors give more or less importance to each experiment in
the reduction.

A more rigorous approach is the application of the
principle of maximum likelihood as described by Bard and
Lapidus (1968). It maximizes the probability that all re-
siduals 7 are equal to their estimated errors with the two
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following assumptions:

1. Errors on experimental values of activity coefficients
in different experiments (different i) are independent.

2. These errors have a gaussian distribution.

When all the uncertainties in the observed variables
(%15 15, Py, Ty) are known for each experiment i, it can be
shown that this principle leads to the minimization of S
defined as

S = 2 rf VAR 1(x;) (5)

i=1

In this expression r; is the vector (ry;, r2;) and VAR(x;)
a symmetrical matrix called the variance covariance matrix,
the terms of which are
1. Diagonal terms I — I equal to the error variance in the
residual r; which is the mean value of the quantity
[(8ri) ]2 when a large number of measurements (ex-
pressed here by subscript 1) is made for the same experi-
ment i,
2. Off diagonal terms equal to the mean value of the
quantity (8ry;), (8ra;) .. This term is the covariance be-
tween the two errors in residuals, Estimates of variances
a?(r;) and covariances cov(ry;, 79;) are obtained from the
uncertainties in each measured variable z; (respectively,
X1, 1 Py, Tifor f = 1, .., 4) using the following equa-
tions:

4
of(ri) = 3 (9n/0%;) 2 oi?(2)) (6)
=~

7
4

cov (ry, r3) = 2 (8r1/02;); (9r2/02;)1 a2(5) (T)
j=1

J

The experimental uncertainties on measured variables
are deduced from reproducibility tests and assumed to be
equal to the standard deviations of the experimental ran-
dom errors, which are gaussian with zero mean value.
These uncertainties, which may vary from one experiment
to another, are of great importance in this method and
their choice should be made with great care when using
literature data.

The minimum of § with respect to vector C is found by
the classical Gauss-Newton procedure. All partial deriva-

tives 8S/9Cy are zero for k = 1, .. ., m after linearization.
It leads to the following matrix equation to compute AC:
A-AC=B (8)

(Details of calculation are given in Appendix A.)

The principle of maximum likelihood as applied here gives
another element of great importance in data reduction.
It can be shown (Appendix A) that in the last iteration
steps the matrix 27! is a good estimate of the variance
covariance matrix PAR(C) of the parameters, The terms
of this matrix were defined earlier and confidence limits
in the parameters are proportional to them. This result
was also shown by Péneloux and Deyrieux (1973).

PREDICTED VALUES OF MEASURED VARIABLES

Usually (Renon et al., 1972; Prausnitz et al., 1967) the
vapor-liquid data predicted by the thermodynamic model
are calculated by choosing two independent variables (T,
x1) giving them their measured values and calculating the
two others (P, y1) by solving Equations (3), where y®
is replaced by y,°2td the activity coefficients predicted by
the model using the values of parameters previously ob-
tained. Our present method takes into account the esti-
mated experimental errors and calculates values of all mea-
sured quantities.

AIChE Journal (Vol. 21, No. 4)
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Fig. 1. Acetonitrile (1)—CCLy (2). A—reduction with a2 = 0.20; B—three adjusted parameters.

A distance d is defined between experimental and cal-
culated points by

4
( zjexp — zjcaltd)z
de = e M R
2 (10)

where v(z;)? is proportional to the variance o2(z;) of ex-
perimental measurement of variable z;. The z;°#t%s are ob-
tained by minimizing d? with two constraints due to equi-
librium equations. Lagrange’s multipliers are used to take
these constraints into account.

The present method is similar to the procedure devel-
oped independently by Abrams (1974), which differs in
the calculation of the predicted points.

ANALYSIS OF INDIVIDUAL DEVIATIONS

The deviations between measured quantities z;°*P (that
is, x1, y1, P, T) and their calculated values z;°2!d are very
useful to make a detailed and critical evaluation of both
the experimental informations and the physical model.
First some statistical analysis is made of the deviations for
each variable 2z;: mean value, standard deviation, confi-
dence intervals. If experimental points are very numerous,
one can also test the nature of the distribution of devia-
tions. Ideally, the mean should be zero, the ¢'s equal to
assumed value, and the distribution of deviations, gaus-
sian. This test is seldom practical, but it is generally useful
to plot the deviations versus x;. If the points are distributed
close to a curve which is different from the Ox; axis, it
indicates either a lack of flexibility of the model, or syste-
matic error in one or several observed variables, or incor-
rect data points. If all deviations are scattered around the
Ox; axis with a normal distribution and if the standard
deviations are very different from the assumed ¢’s, it means
that the experimental uncertainties were incorrect. The
following examples illustrate the application of such an
error analysis to the evaluation of the model and experi-
mental data.

FLEXIBILITY OF THE MODEL

The 15 isothermal vapor-liquid equilibrium data points
of Brown and Smith (1954) for the system acetonitrile
(1)—tetrachloromethane (2) at 45°C, including the vapor
pressure for each component, were used in the reduction
of data. The following experimental errors were assumed
for xy, yy, P, T

o(x) =3(107%) o(y,) =4(107%) o(T) =0.10°C
o(P) =020 mm Hg (0.05% < o(P)/P <0.10%)

A first reduction was made by maintaining the NRTL pa-
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rameter a;p at the constant value 0.20. The two adjusted
energy parameters and their standard deviations are

C21 = 910 O'(Cgl) =4
C12 = 367 O'(Clg) =3

The correlation coefficient between these parameters de-
fined as the ratio of cov. (Cy, Ci2} over the product
o(Cy1) - 0(Cya) is

corr. (C21, Clg) = —0.94

Figure 1A shows the deviations calculated for each ex-
perimental variable: the dashed lines indicate the limits
corresponding to the assumed uncertainties. The (Az;, %)
plots are well out of the range of the assumed experimen-
tal errors.

In a second reduction three NRTL parameters were ad-
justed. The results obtained are listed (parameters, their
standard deviation calculated on the basis of the assumed
experimental errors, and their correlation coeficients):

C21 = 1040 O"(Czl) =6
Clg = 675 O"(Clg) =4
oy = 0.5047 O'(alg) = 0.0024

corr. (Cay, Cya) = 0.48; corr. (Ca, a12) =0.67;

CoIr. (Clz, alz) = (.92

Figure 1B shows the corresponding deviations. The re-
duction in dispersion is such for all deviations that most of
the points are distributed within the limits of the experi-
mental errors. Nevertheless the points still seem to gather
along a regular curve slightly different from the Ox; axis;
therefore, the model could still be refined. Figures 2 and 3,
respectively, show the activity coeflicients with these three
adjusted parameters and the (P, x;) and (P, y;) equilib-
rium diagrams.

CORRELATED PARAMETERS

It was previously shown how the variance-covariance
matrix of the parameters VAR (C) could be obtained from
the experimental uncertainties in the measured variables.
A correlation coefficient very close to unity between two
parameters indicates redundancy. It is interesting to re-
duce the number of parameters in this case by using the
most significant linear combinations of Cjs as parameters.
If w, (k = 1, .., m) are the eigenvalues of matrix
VAR(C) associated with the eigenvectors Vi, it can be
shown (Appendix B) that the m linear combinations xx of
the optimal parameters defined by

Xk = 2 Vi; C; (11)
i=1
July, 1975 Page 737
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Fig. 2. System acetonitrile (1)—tetrachloromethane (data from

Brown and Smith, 1954). Experimental and calculated values of the

activity coefficients of each component in the liquid phase. NRTL
parameters: Co; — 1039.89, C = 675.08, aj> — .5047.
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Fig. 3. System acetonitrile (1) tetrachloromethane (2). Total nre<sure
versus composition at equilibrium (dota from Brown and Smith,
1954).

are statistically independent, with variances wx. The small-
est value wy is related to the combination of parameters
which is known with most accuracy. The confidence region

of the calculated parameters is the hyperellipsoid:
Ct- PAR™I(C) - C = g2

where the number 8 is related to a probability level,

To illustrate this discussion, the 32 isobaric data points
of Ridgway and Butler (1967) for the system benzene
(1)—cyclohexane (2) were analyzed using the vapor
pressures from the API tables (1971). Two parameters only
were adjusted, ayg being kept at the value 0.30. The follow-
ing errors were assumed in a first reduction.

o(T) = 0.10°C «(P) [0.50 mm Hg]

The resulting parameters are

C21 =—14 0'(C21) = 19
Cys = —257 a(Cp) =21

The correlation coefficient is —0.99. The observed devia-
tions between calculated and measured properties are
given in Figure 7A. They have random distributions with
zero means and standard deviations approximately equal to
experimental uncertainty. Table 1 gives S, mean values,
and standard deviations for two other couples of parame-
ters indicated by Figure 8. In the first reduction, the cal-
culated eigenvalues and eigenvectors are given below:

(12)

— 0.6578

w; = 795 V= [ 0.657 ]
0.7531
0.7531

=246 V,= [ ]
2 2= 1 + 06578

It can be seen in this example that the most important
adjusting parameter is the combination (0.7531 Cy -+
0.6578 C,2); it is not necessary to introduce two energy
parameters in this case. It was observed that strong cor-
relations between NRTL energy parameters were generally
associated with weakly nonideal systems. This weakness is
common in models incorporating two energy parameters
€12 — €11 and e2; — 2 and not the exchange energy 2ej —
€11 — €32 only, when they are applied to not too strongly
nonideal systems.

Models having only one adjustable energy parameter,
like those proposed by Bruin and Prausnitz (1971), Tassios
(1971), Renon (1974) are better in this case. In these
models ¢; and ¢j; are derived from pure substance proper-
ties.

INDIVIDUAL INCORRECT POINTS

Sixteen isothermal points were measured by Schifer and
Rall (1958) for the system acetone (1)——n-hexane (2).
Vapor pressures are also given by the authors. The assumed
experimental errors are

o(x) =5(107%) o(y;) =5(1074) o(T) = 0.10°C
a(P) =1.0mm Hg {0.15% < o(P)/P <0.30%)

The three NRTL parameters obtained are

C21 = 623 O'(C21) = 9
C12 = 743 O‘(Clz) = 6
a2 = 0.5272 (a2} = 0.0079

TaBLE 1. DATA REPRESENTATION FOR SEVERAL PAIRs OF CORRELATED PARAMETERS

Mean values

Set Cot Cyo S Axy % Ay %
1 —13.54 256.62 85.1 0.047 —0.046
2 5 235 86.6 0.042 -—0.01}9
3 —32 274 90.6 0.052 —0.054
Page 738 July, 1975

Standard deviations

AP/P % AT*C Ax1%  Ay1% AP/P%  AT°C
5 5 0.039

0.007 —0026 0075 0.075 0.019 5
0.008 —0032  0.079 0.079 0.019 0.058
0.011 —0.055 0.071 0.073 0.019 0.0684
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Fig. 5. System acetone (1) n-hexane (2). Activity coefficients versus

mole fractions in the liquid phase (data from Schifer and Rall,

1958). NRTL parameters: Coy = 599.68; Ci2 = 715.44; a2
0.4849.
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Fig. 6. System acetone (1) n-hexane. Total pressure versus composi-
tion in both phases (data from Schifer and Rall, 1958).
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The correlation of Tsonopoulos (1974) was used for the
fugacity coefficients. Figure 4A shows the calculated devia-
tions. It appears that the experiment corresponding to x; =
0.8022 gives much more significant deviations on x; and
y; than the other points. The experimental activity coeffi-
cients also exhibit deviation for this composition as shown
in Figure 5. Because the experimental value of y; is so
much above the calculated value that it is closer to the
composition of liquid, one hypothesize a back-mixing of
liquid during sampling in the dynamic still or a sampling
error. A reduction omitting this point gives the following
parameters:

021 - 600 G'(Cm) =11
Cip = 715 o‘(ClZ) =9
a1 — 0.4849 a‘(alz) = 0.0126

Figure 4B shows the corresponding deviations. All devia-
tions except on variable P lie approximately within the
limits corresponding to the assumed experimental errors. .
Figure 5 is a plot of y; and v, vs. x; and Figure 6, P vs. %,
and Yi.

INFLUENCE OF EXPERIMENTAL ERRORS ON THE
DISTRIBUTION OF THE CALCULATED DEVIATIONS

Three reductions of experimental data for the system
benzene (1)—cyclohexane (2) were carried out. The first
was presented in the previous section correlated parame-
ters; the errors in x; and y; were overestimated (o(x;) =
o(y1) = 0.001) and Figure 7A shows that the calculated
deviations in P and T are close to zero compared with
those in x; and y;. In a second reduction the errors in x;
and y; were decreased assuming reasonable values accord-
ing to analytic method (o (%) = o(y;) = 0.0005). The
deviations obtained are practically unchanged. In a third
reduction the errors in x; and y; were maintained at the
value 0.001, but the assumed error in pressure was multi-
plied by a factor 4. The deviations obtained (Figure 7B)
agree better with given errors. The corresponding parame-
ters obtained in each reduction are listed in Table 4. This
example illustrates the importance of the correct estimation
of experimental errors; such estimation should be included
in papers presenting vapor-liquid equilibrium results as it
is in tables of the International Data Series (1973).

EFFECT OF AN ERRONEOUS VAPOR PRESSURE ON THE
DEVIATION ON EACH MEASURED QUANTITY

The calculated deviations may be drastically changed if
erroneous vapor pressures are used in the reduction, and
unfortunately data are often given without measured vapor

July, 1975  Page 739



000s|. 0005 040
0 —awn® > v 0 = a
R il T aprP
0005 a00s|.
L .
o 05 x 10 0 Qs x 10 0 05 X 10 0 05 X 10
21 22 3 20 T
0005 | 005 | 005 |- 0
0 e Bl e 0 " - oY a Vegeemn 2 e 0yt @ w——p | B
W s S, 2 ™ - P el o e
_ao00s | -0005 |- aoos 040
1 i
[ 0s  x 10 0 05 x 10 o, 05 x 10 0 0s  x 10
25 25 7 8
T,
000 s 0005 WL s @ aat, 0ol
e ta B ~
o N e ¥ R | e I = I
ax ar B aprp o at oo o —
00s|- ~0005|- W, 005 040 | o
. . . .
o as  x 10 0 as 0 a N 0 0 as  x 0
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TABLE 2. VALUES OF X1 FOR THE EXPERIMENTAL PoiNTs UseDp
IN THE F1TTINGS WHERE THE NUMBER OF POINTS 1s REDUCED

Data from Kraus and Linek (1971)

pressures. This omission may be an important reason for
data inconsistency, and this problem has already been
pointed out by Van Ness et al. (1973). This type of in-
consistency can be easily detected by this new method; it
influences all deviations and the values of the calculated
parameters.

System Acetone (1)—Benzene (2).

The sample example benzene (1)—cyclohexane (2) was Number
used and the vapor pressure of cyclohexane was arbitrarily of
decreased by 2.5% in the reduction. The parameters are x1 points 12 8 6 4 2
considerably changed:
0.0610 + + +
C;; = 348. instead of — 14 0.1035 +
Cyz = —84. instead of 257 0.1608 + + + + +
Deviations are indicated by Figure 7C and exhibit a géggg i + n n
characteristic inconsistency for P and T values, which be- 0.3734 + +
come important when x; approaches the zero value (pure 0.4629 + + + + +
cyclohexane). This inconsistency could not be reduced by 0.5334 +
a more flexible model. When no vapor pressure is given  0.5883 + + +
or when the values appear to be in error, the authors would ~ 0.7661 + +
recommend to include the unknown vapor pressure in the 8322 + + + +
. +

adjustable parameters.

INFLUENCE OF THE NUMBER OF EXPERIMENTAL

POINTS the composition range. Some points were taken away so

that the remaining data were evenly distributed according

Data from Kraus and Linek (1971) on the system ace-
tone (1)—benzene (2) at 30°C (12 binary points) were
used to show the influence of the number of experimental
points on the reduction. The authors give their own vapor
pressure equation for acetone, while the equation given
by the API tables was used for benzene.

Experimental errors in x; and y, were taken as 0.001
according to Kraus and Linek claim of reading the refrac-
tive index to = 0.0001, this quantity varying by 0.14 over

to concentration. Values of x; used are given in Table 2.
Values of the parameters which were obtained and their
standard deviations are given in Table 3, along with the
corresponding individual deviations for each experimental
variable on the basis of 12 experiments. The results of
Table 3 show that the mean and standard deviations in
each measured variable do not change much when the
number of experimental points taken into account in the
reduction is decreased from 12 to 4. The errors in the

TABLE 3. INFLUENCE OF THE NUMBER OF EXPERIMENTAL PoiNTs USED oN THE REDUCTION WITH THE FOLLOWING EXPERIMENTAL
Errors (NRTL PARAMETER aj3 = 0.40)

o(x1) = o{y1) = 0.001

o(P) = 0.15mm Hg

o(T) = 0.03°C

System Acetone (1) Benzene (2) Data from Kraus and Linek (1971) 2 parameters adjusted

No. S NRTL parameters obtained
of  caltdfor with N points
points 12 points Cay o(Ca1) Cio o(C12) Axy %
12 553 356 34 —58 25 0.00
8 539 331 32 —37 25 0.03
6 569 301 53 —18 45 0.00
4 560 392 98 —82 69 0.01
2 563 390 9800 —85 6500 —0.03
Page 740 July, 1975

Mean values of the deviations

on each variable Standard deviations

Ay1 % AP/P % AT°C Ax1% Ay1 %  AP/P° AT°C
—0.29 0.23 —0.14 0.17 0.20 0.18 0.06
—0.30 0.23 —0.13 0.16 0.21 0.19 0.06
—0.33 0.25 —0.15 0.14 0.21 0.20 0.07
—0.25 0.22 —0.13 0.20 0.21 0.17 0.06
—0.27 0.25 —0.16 0.19 0.20 0.17 0.06

AIChE Journal (Vol. 21, No. 4)



TABLE 4. SYysTEM BENZENE (1)—CYCLOHEXANE (2). INFLUENCE OF THE EXPERIMENTAL ERRORS ON THE PARAMETERS OBTAINED
Data from Ridgway and Butler (1967)

o(P)
Reduction ao(x1) a(y1) mm Hg
1 0.001 0.001 0.50
2 0.0005 0.0005 0.50
3 0.001 0.001 2.00

C12(CCII /mole)

— 39% c<% ellipse

99% "

280. |

260.

240.

1 1

-20. -10. 0.

1
-30. 10- Cpylcal/mole)
Fig. 8. System benzene (1) cyclohexane (2). Confidence ellipses of
the two adjusted NRTL parameters for 8 = 1 and B = 3, the

points represent the three sets of parameters in Table 1.

value of the parameters increase steadily. These errors
are not very significant for two data points only; the
parameter values obtained are not fundamentally different
from those calculated with more points because the data
are good, but the confidence region predicted on the basis
of two points is very large as indicated by the o’s.

This example shows very simply that one does not need
many points to obtain a fair representation for data when
the model is suitable for this level of accuracy.

CONCLUSION

The method proposed gives the user two main possibil-
ities:

1. To check the validity of binary vapor-liquid equilib-
rium data.

2. To check the capability of a thermodynamic model to
represent these data.

The calculation of the optimal parameters of the model
is associated with the determination of their estimated
errors, and the confidence region at a given probability
level can be estimated. This can avoid the utilization of
models with strongly correlated parameters which are not
significant. Use can be made of the confidence limits in
the values of parameters to estimate those in the output
variables of a process.

Deviations on each measured quantity are calculated.
The analysis of these deviations can give information rela-
tive to both data and model. It is recommended in all cases
to draw diagrams giving a plot of the deviations in each
variable versus x; and to examine if the points are scattered
around the Ox; axis or on the contrary seem to gather close
to a different curve. If the data are numerous, the nature
of the distribution can be checked by use of a x-square
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o(T)°C Ca Ciz a1z
0.10 —14 257 0.30
0.10 —17 260 0.30
0.10 —14 257 0.30

test for instance. When the distribution appears to be
gaussian and points to be scattered around the Ox; axis,
the deviations can be compared with the experimental
errors. If the standard deviations are close to the assumed
uncertainties (obtained from reproducibility tests by the
experimentalist himself ) the data are good and the re-
duction is satisfactory. Otherwise there is either a lack of
flexibility of the model, or systematic error in one or sev-
eral measured variables. If such systematic errors occur,
they will have an effect on all deviations. Nevertheless a
wrong vapor pressure or one single incorrect point will be
easily detected in the diagrams. The check on the validity
of experimental vapor-liquid measurements is obtained by
using a flexible enough model. The present method is a
useful help for the experimentalist designing a new vapor-
liquid equilibrium still and testing it by a large number of
measurements on a well-known system.

A physical chemist, interested in finding the best possi-
ble model of representation partly derived from theory,
will use the same set of reliable data with experimental
errors to compare deviations obtained when changing or
modifying the model of representation.

The present method will help the process engineer who
must obtain vapor-liquid data which cannot be found in
the literature, in choosing the accuracy of determinations
and the number of experimental points needed.

It can be pointed out that the method allows the reduc-
tion of isothermal data as well as of isobaric data, and
no additional information is necessary to check their valid-
ity, contrary to the classical consistency tests previously
quoted.

Finally the method can be extended to other types of
data, incomplete vapor-liquid data (P — x; — T, x; — y1 —
T, P — y, — T), infinite dilution activity coeflicients, heats
of mixing,
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NOTATION

A = matrix of the linear system (8)

B = coefficients in Equation (8) (vector)

C = parameters of the thermodynamic model (vector)

cov(ey, es) = covariance of the two quantities e; and ey:
mean value of the product e;x"es for a large num-
ber of measurements k

corr(ey, e3) = correlation coefficient defined as the ratio
of cov(ey, e2) over the product o(e;) ‘o (es)

Ca1, Ci2 = NRTL energy parameters (cal/mole)

D = matrix defined by Equation A5

= distance between experimental and calculated

points defined by Equation (10)

fi®®* = fugacity of pure component I, in liquid state and

Zero pressure

d
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F = coefficients defined by Equation A7 (vector)

g% = excess Gibbs free energy, cal/mole

m = number of parameters of the thermodynamic
model

N = Poynting’s correction: exp (v,°L*P/RT)

P = pressure

R = gas constant

ry = residual defined by Equation (4)

8 = function of residuals defined by Equation (5)

T = temperature, °K

t = deviation term defined by Equation (A2)

Vi = eigenvector associated with eigenvalue o. of
matrix PAR (C)

vy = molar volume of component !

PAR(E) = variance covariance matrix related to vector E

X = liquid phase mole fraction of component [

Y1 = vapor phase mole fraction of component l

z; = measured variable vector

Greek Letters

a1z = NRTL parameter (dimensionless)

B = scalar number

vi = activity coefficient

8ry = error in residual ry

AC = parameter increments (vector)

Ax = deviation on x: difference between the experimen-
tal and the calculated value of x

€ = energy interaction parameter (cal/mole)

6x = indicates a small variation in x

»(2;) = norm related to variable z;

o(x) = standard deviation related to x

o%(x) = variance

me = NRTL parameter (Cu/RT)

¢ = vapor phase fugacity coefficient

xt = linear combination of parameters

wy = eigenvalue of matrix

Superscripts

excess property

liquid

pure component
reference zero pressure
matrix transposition
matrix inversion

| * soty

[

i

-
- e
o
o @
=
°
-

= relative to one component in the mixture
indicates an experiment
indicates a measurement in experiment
refers to the last step of an iterative process

O -
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APPENDIX A

The parameters C of the models are found by minimizing
the sum §

S= 2 12 (A1)
i=1
ti = [rt - DAR(r) 1]% (A2)

The quantity between brackets is a definite positive quadratic
form with respect to residuals. Linearization applied before
writing all 3S/9Cy are zero leads to a linear system.

A-AC=B (A3)
The terms Ag; and By of matrix A and vector B are
n
Agj = Aj, = 2 D;; « Dy (A4)
i=1
with
Di; = (8t/8Cj)o (AS5)
n
Bi= >, Fi-Du (48)
i=1
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with

(AT)
Subscript 0 indicates that the value of this partial derivative
is taken with either the values of parameters obtained at the
end of the previous iteration or the initial values. In the cal-
culation of each Djj it is assumed that the terms of matrix
PAR(r;) do not vary. In fact, they are parameter dependent
and they are recalculated at each step; however, this depen-
dence is small near the optimum and the procedure was found
always convergent for all the examples studied.

The Fi’s (Equations A6 and A7) are deviation terms which
can be considered as random variables generated from a set
of measured variables. If one assumes a normal distribution
for ty, it can be shown that ¢2(F;) is unity and cov(F; F;)
is zero because the errors are independent in different experi-
ments. Therefore, the variance-covariance matrix PAR(F;) is
the unit matrix when all parameter increments ACy are close
to zero. The small variations of parameters Cj produced by
small variations in vector F are related by the following equa-
tion deduced from (A4) and (A6)

Dt.D.BC:@t.BF

where D is the matrix of which the elements are the Dj’s

Fi= —tp

(A8)

A=DtD (A9)
It results from (A8) and (A9)
A-0C-06C -2 =9Dt-0F -0Ft- D (Al0)
A-VARC)-A=D! - VAR(F)-D =12 (All)
and finally
PAR(C) = A1 (Al2)

APPENDIX B

The variance covariance matrix of parameters PAR(C) is a
symmetrical m. m matrix, and, therefore, it has m real eigen-
values we (k = 1, .. ., m) associated with m eigenvectors Vi

(of elements Vi1, Vg, . . -, Vim).
Let
m
te= 2, Vi Cj (B1)
i=1
the following equations are deduced
o2(xx) = Vit - PAR(C) - Vi (B2)
covlxk, xj) = Vit - PAR(C) - V; (B3)
Vi and V; being eigenvectors, it gives
VAR(C) » Vi = wi - Vi (B4)
PAR(C) - Vi=w; - V; (B5)
from (B2), (B3), (B4), and (B5), it is deduced
o2(xk) = wr Vit - Vi (B6)
cov{xk, xi) = wj* Vit - V; (B7)

As the vectors Vi and V; (with k £ ) are orthogonal and if
it is assumed that they are normalized, the following equations
are-verified:

(B8)
(B9)

These last equations indicate that it is possible to find some
combinations of parameters the errors of which are independent.
The eigenvectors Vi give the eigendirections of the confidence
hyperellipsoid (Q):

C- PAR-Y(C) - C=p?

the center of (Q) being the optimal point C°Pt- previously cal-
culated.

o2(xx) = i

cov(xr, xj) =0
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Interphase Mass and Heat Transfer

in Pulsatile Flow

A study on the effects of flow pulsations on interphase mass or heat
transfer has been made. The situation corresponds to fully developed flow
in a long conduit with a periodic pressure gradient at amplitudes which
cause flow pulsations without flow reversal. It is shown that the basic

three-parameter formulation can be reduced to a one-parameter problem
in the boundary layer formulation. Solutions are developed over wide
ranges of the parameters in both the basic and the boundary layer formula-

tions.

The boundary approach gives accurate results over wide ranges of
the parameters. Pulsations cause increases in the time-averaged interphase

W. J. McMICHAEL
and J. D. HELLUMS

Department of Chemical Engineering
Rice University
Houston, Texas 77001

flux at intermediate values of a composite frequency-space variable. How-
ever, at small values of this variable the pulsations cause a decrease in
the flux such that the overall space-averaged flux is always decreased.

SCOPE

For the past twenty years a great deal of research has
been directed at the question of whether pulsations in the
fluid velocity in heat and mass transfer devices can im-
prove the performance of these devices. Investigations of

Correspondence concerning this paper should be addressed to W. J.
McMichael at the Energy Research and Development Administration

Pittsburgh Energy Research Center, 4800 Forbes Avenue, Pittsburgh,
Pennsylvania 15213. ’
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this problem, both theoretical and experimental, have led
to numerous contradictions, and there is still confusion
over the important basic question as to the circumstances
in which pulsations cause an increase or decrease in the
average interphase mass or heat transfer.

Interphase mass and heat transfer are of interest in

many areas of engineering, and the effect of flow pulsa-
tions on the interphase flux clearly is of interest in each
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